FRECHET DIFFERENTIAL OF A POWER SERIES IN A BANACH 

ALGEBRAS 



BENEDETTO SILVESTRI 

Abstract. We present two new forms in which the Frechet differential of a power 
series in a Banach algebra can be expressed in terms of absolutely convergent series 
involving the commutant C(T) : A i-^ i^iT]. Then we apply the results to the analytic 
functional calculus in a complex Banach space. 
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Introduction 

Let ^ be a Banach algebra. In the main Theorem 11.1 H it is proved that the Frechet 
differential of the map A 3 T ^ expressed in terms of 

absolutely convergent series involving the commutant C (T) : A 3 h hT — Th G A 
with T G ^, in three different forms containing C{T), C(T") or C(T)". Explicitly if 
g{X) =F "^n-^"' '^he radius of convergence is r > and Br{0) is the ball of radius r 

in the Banach algebra A, then we have 

(1) for all T G 5,.(0) 
(0.1) 

oo ^"00^00 ^ ^ 

gm{T) = Y,na^C{Tr-'-lj2\ E (n - P - l)anC{Tr-^'+P^ \ n{Ty \ C{T) 

n=l lp=0 \^n=p+2 J ) 

(here all the series converge absolutely uniformly on i?s(0) for all < s < r), 

(2) for all T G 5^(0) 

00 ca ( 00 ^ 

(0.2) g^'\T) = Y^nanCiTr^' - J] I Y^o^nCiTy-' C{T'-'). 

n=l k=2 Kn=k ) 

(here all the series converge absolutely uniformly on -Bs(O) for all < s < r), 

(3) VTGi?r(0) 

00 ^ 

(0.3) g^'\T) = V -{gt\n{T))C{TY-\ 

(here the series converges absolutely uniformly on -Bs(O) for all < s < | and 
5f*^P^ : K ^ K is the p— th derivative of the function g). 

The proof of this result needs a general statement about the Frechet differentiability 
term by term of a power series in a Banach algebra. Although this last result was known 
- indeed for complex Banach spaces was proved by UMarl whereas the proof for real Ba- 
nach spaces, given for the first time in flMicll - the proof in Lemma [L9l has the advantage 
of giving for the particular case of Banach algebras a unified approach for both the cases 
real and complex. 

Next in Corollary 1 1.1 61 we apply Theorem 1 1. 1 ll to the case of the Frechet differential 
of a power series of differentiable functions defined on an open set of a K— Banach 
Space and at value in a K— Banach algebra A. As an application we obtain the formula 
found by Victor I. Burenkov in flBurll (Remark 1 1.201) . 
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Finally we apply Theorem ll.lll to the analytic functional calculus in a complex Ba- 
nach space (Corollary 12 .11) . 



1. Frechet differential of a power series of differentiable functions. 

Notations 1.1. We denote by N the set of all natural numbers {0, 1, 2, ...}. Let K G 
{M, C} ani^ (G, || ■ \\c), or simply G, be a Banach space over K, then (Va G G')(Vr > 0) 
we define the open ball centered in a of radius r, to be the following set Br{a) = {t; G 
G I lit; — allG < r}, hence its closure in G is Br{a) = Br{a) = {v E G \ ||f — a||G < r}. 
Let F, G be two Banach spaces over K, briefly K— Banach spaces, then 
, G), II ■ \\b(f,g))> will denote the K.— Banach space of all linear continuous map- 
pings of F to G and \\U\\b{f,g) =F sup||^||^<i ||f/(f)||G, we also set {B{G),\\ ■ ||b(g)) =i= 
{B{G, G), II ■ ||b(g,g))- 

Let {Gi, Gn} be aflnite set of K— Banach spaces, then (11^=1 ^k, \\ ■ WUk-i Gk) '■^ 
the Banach space where Y[k=i is the product of the vector spaces {Gi, Gn} , and 

If (Wk = 1, ...,n){Gk = G), then we will use the following notation (G", || ■ ||g") =f 
(111=1 ^fc' II ■ IIOfe-iG'fc)- {Fi, Fn, G} be aflnite set of K— Banach spaces, then 
Bn{Y[k=i ^k] G) is the "K— vector space of all n— multilinear continuous mappings de- 
flned on 11^=1 -^fc with values in G. If (V/c G {1, = F) then we set 

In the sequel we shall deal with Frechet differentiable functions 

f -.U CF ^G 

deflned on an open set U of a K— Banach space F and with values in a K— Banach 
space G. Its Frechet differential function will be denoted by 

/[I] ,u (ZF ^ B{F,G). 

Recall that a map f : U F ^ G is Frechet differentiable at xq E U if there exists a 
T G B{F,G) such that 

j.^ \\f{xo + h)-f{xo)-T{h)\\G ^ Q 

T is called the Frechet differential of f at xq and is denoted by /[^'(xq). / is Frechet 
differentiable onU if f is Frechet differentiable at each x E U, and in this case the map 
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fW-.U ^ B{F,G) is called the Frechet differential function of f. For the properties of 
Frechet differentials see Ch 8 of the Dieudonne book HDieul . 

Let A be an associative algebra over K (or briefly associative algebra) then the 

standard Lie product on A is the following map 

[■,■]■■ Ax A3 {A, B) ^ [A, B]= AB - BAe A 

the commutator of A,B. By denoting by A"^ the set of all maps from A to A, let IZ : 
A — A-^ and C : A ^ A"^ be defined by 

^7^(T) : A3 The A 

(1.1) <^ 

[C{T) : A3 hT eA 

for all T E A. We also define the map C : A ^ A-^ by 

C = -ad = C-TZ. 

We consider Vn G N the following mapping 

Un-. A3T ^T"^ e A. 

A Banach algebra over IK (or briefly Banach algebra), see for example nOalll or nPalL is 
an associative algebra A over K with a norm || ■ || on zY such that {A, || ■ ||) is a Banach 
space and \/A, B E Awe have 

\\AB\\ < \\A\\\\B\\. 

If A contains the unit element then it is called unital Banach algebra. 
It is easy to verify directly that 

(1.2) (VTi,T2 e ^)([7e(Ti),£(T2)] = 0). 

By recalling definition (11.11) we have VT, h E A that ||7^(T)(/i) < ||T||_4||/i||_4, and 
\\C-{T){h)\U< WTWaWHa, therefore 

(1.3) n{T),C{T) e B{A) 
with 

(1.4) ||7^(T)b(^) < ||T|U, ||/:(T)b(^) < ||T|U, ||C(T)||b(^) < 2||T|U. 
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Since C and TZ are linear mappings we can conclude that 

C.ne B{A,B{A)) 



(1.5) 



[I^WBiABiA))-, \\^\b(AB{A)) < 1- 



We now present a simple formula which will be used later to decompose the commutator 
^(T") in terms of C(T). 

Lemma 1.2. Let A be an associative algebra, then (Vn G N — {Q})iyAi, B G 
A) we have 



(1.6) 



'71+ 1 



\[AuB 



.k=l 



n / s 



n+1 



j=s+2 



s=0 \k=l 

If s = then the first factor of the summand should be omitted, if s = n then the last 
one should be omitted. 

Proof For n = 1 it is easy to see that [A1A2, B] = Ai[A2, B] + [Ai, B]A2. We shall 
prove the statement by induction. Let n E N — {0,1}, and (11.61) be true for n — 1, then 

(VAi, An+i, BeA)we have 

"n+1 1 r / " \ 



.k=l 



\k=l 



by [A,A2,B] = A^[A2,B] + [A,,B]A2 



II aA [An+uB] + 



\k=l 



llAkB 



.k=l 



A 



n+1 



by hypothesis 



n— 1 / s 



^fc=i 



=0 \fc=i 

n+1 



\j=s+2 



j=s+2 



s=0 \k=l 



□ 
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Corollary 1.3. Let Abe a unital associative algebra, then (in G N) (VT, h & A) we 
have 

n n 

c^j.n+i^ = ^n{Tyc{T)c{TY-' = ^niryciTY'" or). 

s=0 s=0 

Proof. The second equality follows by Lemma [L2l where Ai = A2 = ... = An+i = T, 
the first one by the second and (|1.2I) . □ 

The following equality is stated without proof in the exercise 19, §1, Ch. 1 of [|LIE| . For 
the sake of completeness we give a proof. 

Lemma 1.4. Let Abe a unital associative algebra, then we have VT G A and Vn G N 
that 

n / \ 

\n—k 



c{TY = ^(-l)^^'^'J7^(T)'=£(^)' 

fe=o ^ ^ 



Proof. Since by (|1.2I) C{T) and TZ{T) commute it follows the statement. □ 

Lemma 1.5. Let Abe a unital associative algebra. Then VT G A and Wn E N — {0} 
we have 

n / \ n 

p=i s=i 

Proof Since £ = C + 7^ and by (O) C{T) and 7^(T) commute we have 

n n 

p=i p=i 



p=l A:=0 ^ ^ 



fc=0 \p=fc+l 
n / n 



(1.7) = ^ ["]-R(r)"-"C(r)'-'. 

s=l ^ ^ 



□ 
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Definition 1.6. Let Abe a unital Banach algebra, /(A) = Yl^=o where the series 
defined in K is with the coefficients a„ e K and has the radius of convergence R > 0. 
Then VT e A such that \\T\\^ < Rwe can define 

oo 

f{T) = J2 o^nT"" e A. 

n=0 

It is well-known that T"^ is Frechet differentiable. For the sake of completeness we give 
a direct proof of the Frechet differential function of T"' in several forms which will be 
used in the sequel. 

Lemma 1.7. Let Abe a unital Banach algebra. Then Vn e N the map Un A 3 T ^ 
T'^ E A is Frechet differentiable and its Frechet differential map Un^ : A — > B(A) is 
such that u^o\t) = 0, 'uf'(r) = 1 e B{A), eAand^neN- {0, 1} 

n 

p=i 

n 
k=2 

= ^ {^^n{TY-'C{Ty-^ 

n-2 

(1.8) = nC{TY-^ - Y^{n -s- l)£{T)''-^'+^^n{TyC{T). 



s=0 



Finally Vn e N - {0} and e A 

(1-9) \\u^Ji\T)\\s^^)<n\\T\\X'. 

Proof. For brevity in this proof we write || ■ || for || ■ ||_4. The cases n = 0, 1 are trivial. 
Assume that n e N - {0, 1} and T, /i G ^ 

n 

J2n{Ty-pjC(Ty-\h) = /iT"-^ + + ... + r'=-^/ir"-'= + ... + 
p=i 

so 

n 

(T + /i)" = T" + ^ n{Ty-Pj[:{T)P-\h) + %(h; T; 2). 
p=i 
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Here %{h] T; 2) is a polynomial in the two variables T and h each monomial of which 
is at least of degree 2 with respect to the variable h. Hence 

(1.10) 

II (T + hr - T" - E:=i n{Tr-PC{Tf-\h)\\ \\%(h; T; 2)|| 

lim ^7^— = lim 



h^O \\h\\ h^Q \\h\\ 

<limMp^ = 0. 

h^O \\h\\ 

Here T(||/i||; ||T||; 2) is the polynomial in the variables \\h\\ and ||T|| obtained by replac- 
ing in %{h; T; 2) the variable h with \\h\\ and T with ||T||. Hence 

n 

(1.11) mW(t) = ^7^(T)"^p/:(T)p-l 

p=i 

and the first of equalities (|1.8I) follows. Therefore we have (VT G A){yh E A) 
(1.12) 

= /iT"'^ + [T, hlT"'^ + hT""^ + ... + [T''-\ h]T''-^ + /iT"-^ + ... + [T"-\ h] + /iT""^ 



k=2 

This is the second equality in (11.81 ). The fourth equality in (11.81 ) follows by the second 
one, by the commutativity property in (11.21 ) and by Corollary [O] By the first equality in 
(fLSl ) and Lemma [T31 we obtain the third equality in (fTSl ). Finally \/T,h e A by (11.111 ) 
and the (fT3]) we obtain (fTgl) 



kL^l(^)(/^)|| = |l5^7^(^)'^-^/:(^)^-l(/^)|| 



p=i 



< 



Eii^(^)IIbZ^) 11^(^)115^) ll^l 



< j]iiTr-p||Tf-^ii/i| 
p=i 

= nlirr-i| 



□ 
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Remark 1.8. Let 5 7^ and X be a Banach space over K, then we define 
(1.13) B{S,X) = [f:S^X \ \\F\\rs(s,x) = sup ||F(T)|U < 00 



Tes 

Then (^B{S,X), \\ ■ \\i3{s,x)) is a Banach space over K and the convergence in it is 
called the uniform convergence on 5 in || • topology , or simply when this does not 
cause confusion, the uniform convergence on S , see C/z.lO of HGTI . 

{/n}nGN C B{S, X) then the series Y1^=q fn converges uniformly on S if there 
exists W e B{S, X) such that 



(1.14) limsup 



= 0. 

X 



W{T)-J2fk{T) 

k=l 

The series ^„_o fn converges absolutely uniformly on S or converges absolutely 
uniformly for T E S if 

00 

< 00. 



n=0 



Since B{S,X) is a Banach space, the absolute uniform convergence implies uniform 
convergence. 

Now we shall show that a power series g{T) = Xl^o '^n^" ^ Banach algebra 
A is Frechet differentiable term by term, the corresponding power series of its Frechet 
differential g^^^ is uniformly convergent on Bs{0) in the norm topology of B{A) for 
all < s < i?, and finally that g^^^ is continuous, where the radius of convergence 
R of J2'^=o c^n-^" is different to zero. The proof is based on the well-known results 
stating that uniform convergence in Banach spaces, preserves Frechet differentiability 
and continuity, see Theorem 8.6.3. of the nOieuH for the first and Theorem (2), §1.6., Ch. 
10 of the nOTII for the second one. 

The Frechet differentiability of g can be seen as a particular case of the Frechet 
differentiability of a power series of polynomials between two Banach spaces. The first 
time for complex Banach spaces was proved in UMarl . Whereas the proof for real Banach 
spaces, given for the first time in UMicL used a weak form of Markoff's inequality for 
the derivative of a polynomial, see HSchal . 

Our proof has the advantage of giving for the particular case of Banach algebras a 
unified approach for both the cases real and complex. 
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Lemma 1.9 ( Frechet differentiability of a power series in a Banach algebra ). Let A be 
a unital Banach algebra, {a„}„eN C K Z^e such that the radius of convergence of the 
series g{X) = J2'^=o c>^nA" is R> 0. 

(1) The series 

oo 
n=0 

converges absolutely uniformly on Bs{0) for all < s < R.^ Hence we can 
define the map g : -B/j(0) ^ Aas g{T) = Yl^=o (^nUn{T). 

(2) g is Frechet differentiable on Br{0) and 



(1.15) gm = J2anK'- 



[1] 

n=l 



Here the series converges absolutely uniformly on Bs{0), for a// < s < i?§ 
and g^^^ is continuous. 

Proof (Vs G (0,i?))(VT e E,(0))(Vn G N) we have ||anT"|U < |a„|||T||^ < |a„,|s'^, 
so 

oo oo 

y2 sup ||a„T"|U < y2 < oo. 

„=oreB.(o) 

Which is statement (1). 

By CH) for all < s < 

oo oo 

sup \\anu\^\T)\\B{A) < y2 |a„|ns"~^ < oo. 
„=o^eB,.(o) 

Hence the series X]^o Q^n^"' converges absolutely uniformly on Bs{0) for all < s < 
R. Thus the mapping 

oo 

(1.16) T 9 5^(0) C ^ 5^a„MW(T) G 5(.A) 

n.=0 



' By RemarkirH 



for all < s < i?. 
2 By RemarkO 



for all < s < i?. 



V sup ||a„T"|U < oo 



V sup ||a„MW(T)||B(_4) < oo 



is well defined on 5^(0) and the series converges uniformly for T G -Bs(O) for all 
< s < i?. Hence we can apply Theorem 8.6.3. of the HDieu l and then deduce (11.151) . 

Now it remains to show the last part of the statement (2), i.e. the continuity of the 
differential function g^^K By the first part of Lemma [LV] applied to the unital Banach 
algebra B{A) and by (fT3] ) G N the maps 



(1.17) 



A3T^ C{TY G B{A), A3T^ n{TY G B{A) 



are continuous. Moreover the product is continuous on B{A) x B{A) so by (11.171) and 
the first equality in (fTSl ) Vn G N 



(1.18) 



: A B{A) is continuous. 



By (|1.18l) . the uniform convergence of which in the first part of statement (2), and finally 
by the fact that the set of all continuous maps is closed with respect to the topology of 
uniform convergence, see for example Theorem (2), §1.6., Ch. 10 of the HGTL we 
conclude that VO < s < i? the mapping g^^"^ \ 5^(0) : 5^(0) C ^ ^ B{A) is 
continuous. This ends the proof of statement (2). □ 



Remark 1.10. By statement 2 of Lemma U .9\ we have 

oo 

g^HT){h) = J2^nU^nKT){h). 

n=l 

Here the series converges absolutedly uniformly for (T, h) G -Bs(O) x 5^(0), for all 
L> and < s < R. 

Theorem 1.11 ( Frechet differential of a power series ). Let Abe a unital Banach 
algebra, {anjnGN C K be such that the radius of convergence of the series g{X) = 
X]^o '^n^^ is R > 0. Then 

(DforallTeBRiO) 
(1.19) 



oo ( oo I oo 

g^iT) = Y,na^C{T)"-' ~ E (n - P - lhnC{Tr-^'+P^ \ \ C{T). 

n=l lp=0 Ln=p+2 



Here all the series converge absolutely uniformly on Bs{0) for all < s < R. 
(2)forallTeBn{0) 



(1.20) 



oo I oo 



n=l 



k=2 (. n=k 
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Here all the series converge absolutely uniformly on -6^(0) for all < s < R. 
(3) VT e Br{0) 



OO 

(1.21) gm{T) = V -{gYP\n{T))C{Tr~\ 

Here the series converges absolutely uniformly on Bs(0)for all < s < ^ and 
g^^ : K IK is the p—th derivative of the function g. 

Remark 1.12. If R/3 < s < R then in general the series in (11.211 ) may not converge, 
see for a counterexample the HBurL 

Remark 1.13. Clearly both (11.191 ) and (11.201) immediately imply that ifT,h G A are 
such that [T, h] = 0, then 

OO 

(7W(r)(/i) = 5^na„/iT«-i. 

n=l 

Proof of Theorem \l.ll\ By Lemma [L9] and Lemma [TTT] 

OO 

n=l 

OO / n—2 



= ail + I nCiry-^ - ^{n - s - i)c{TY-^'+^^n{Tyc{T) 

n=2 

By ([LH) for all < r < i? 



V sup ||«„n£(T)"-iB(^) < V 



I I n — 1 

n a„ r < oo 



and 

OO n—2 

Y,Y. ll«n(^-s-l)/:(Tr-(^+^)7^(T)^c(T)b(^) < 

OO n—2 OO 

(1.22) \an\ ^{n - s - l)r"-2(2r) = ^ - l)nr"-^ < oo. 

n=2 s=0 n=2 

Therefore 

OO OO n—2 

(1.23) g^\T) = Y^ar^nCirr-' - - s - l)/:(^)"-(^+2)7^(T)^C(T). 

n=l n=2 s=0 
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Here each series converges absolutely uniformly on Br{0) for all < r < i?. Inequality 
1 1.221 also implies that 

oo n—2 

J2 «n Y.^n - s - l)C{TY-'^'+^'^n{TyC{T) = 



n=2 s=0 

oo oo 



^ 5Z (n - s - l)«„/:(T)"-(2+^)7^(T)^C(T) = 

s=0 n=s+2 

oo f oo ^ 

El E - ^ - i)«n/:(T)"-(2+^) 7^(T)^ c{T). 

s=0 Ln=s+2 j j 

Here each series converging absolutely uniformly on Br{0) for all < r < _R and 
statement (1) follows. 



y2 E 

n=2 k=2 ^eB.{0) 



k-2 



oo n 

E E 

n=2 fc=2 ^6^' (0) 



fe-2 

^ a„7^(T)^/:(T)""(2+^)C(T) 



< 



B{A) 



oo n fc— 2 

oo n k—2 

2EEEi""i ^^p 



< 



n=2 fc=2 s=0 

oo 



tgb,.{o) 



n-1 
.4 



— 1)|q;„| sup 

TGBr{0) 



n-1 



n=2 



(1.24) 



'^n{n - l)|a„|r" ^ < oo. 



n=2 
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Here in the second inequality we used (|1.4I) . Therefore 

oo n k—2 



n=2 k=2 s=0 
oo oo k—2 



anC{TY-^n{Tyc{Tf-^^+'^c{T) 

k=2 n=k s=0 

oo oo k—2 

J2 Yl "n/:(T)"-'' niryciTf^'^^^'^ciT) 



k=2 n=k 



s=0 
oo oo 



(1.25) 



1 



k=2 \n=k ) 

All the series uniformly converge for T G 5^(0). Here in the last equality we used 
CoroUaryOand the fact that C{C{T^-^)) E B{B{A)). Moreover by O) 

oo n k—2 oo n—2 

anCiry-^TliTy CiTf-^^+'^CiT) = Y Y^n-s-l)anC{Ty-^^^'^'R(TyC{T) 

n=2 k=2 s=0 n=2 s=0 

hence by (11.251) and (11.231) we obtain statement (2). 



Finally we have Vs < j 



21 = V V sup 

„=1 p=l T^B.W 



n 
V) 



< 



< 



jn{Ty^^c{TY 

LXJ It / \ 

^ ^ \V) TsB.iO) 
oo n ^ \ 

^ ^ \P/ TeB40) 



BiA) 

p-1 
B{A) 



EE 

n=l p=l 
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Hence 



n=l p=l ^^"^ 

oo " / \ 

<Eki^"-'E(!)2' 

r.=1 r,=n V-^ / 



n=l p=0 

oo 

El ^ I „n—lnr, 



n=l 



s-^^\an\{'isY < oo. 



n=l 

Thus by the third equality in Lemma fTTTI and Lemma [L9l we obtain statement (3) . □ 

The previous Theorem II .111 is the main result of the present chapter. Let ^ be a unital 
K— Banach algebra and Xl^o '^riA" a series at coefficients in K having radius of con- 
vergence -R > 0. We give for the first time the Frechet differential g^^^ of the ^—valued 
function g{T) = Yl'^=o^nT"', in a C(T)— depending uniformly convergent series on 
Bs{0), for all < s < R, in statement ([T]); and in a C{T^)— depending uniformly 
convergent series on Bs{0), for all < s < R and with k > 1, in statement This 
shall provides us to give immediatly a simplified formula for the value g^^^ (T) (h) in case 
of the commutativity [T, h] = 0, with T G Br{0) and h e A, see Remark 021 

Finally we give a different proof respect to URudl and in such a way generalizing that 
in nBurl . of the known formula in statement (3), in case < s < see Remark [1.151 
and Remark [1.201 

Remark 1.14. We note that formula (11.191) explicitly contains C{T) as a factor, for- 
mula (11.201) gives an expansion in terms of C{T^) and finally formula (11.211 ) gives an 
expansion in terms ofC{T)^. 

Remark 1.15. For all T such that \\T\\ < y and E Awe have 

oo ^ 

(1.26) 9^'\T){h) = V -g(J'\T)C{Tr-\h). 

Here the series is uniformly convergent for (T, h) G -Bs(O) x 3^(0) for all < s < y 
and L > 0. 

Corollary 1.16 ( Frechet differential of a power series of differentiable functions de- 
fined on an open set of a K— Banach Space and at value in a K— Banach algebra A ). 
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Let Abe a unital Banach algebra, and {an}nm C K such that the radius of conver- 
gence of the series g{X) = J2'^=o Q^n^" is R > and < s < R. Finally let X be a 
Banach space over K, D ^ X an open set in X and T : D ^ A a Frechet differen- 
tiable mapping such that T{D) C Bs{0) or alternatively D is convex and bounded and 
sup^g£, \\T^^\x)\\b(xa) < If we set s = sup \\Tix)\\_A, then 

(1) s < oo and if J < R then 

oo 
n=0 

Here the series is uniformly convergent on D, while T" : D 9 x ^— > T(x)". 

(2) IfO<J<R then the function g oT is Frechet differentiable and 

oo 

(1.27) [goTf\x) = ^anul\T{x))T^^\x), Wx e D. 

n=0 

Here the series converges in B{X, A). Moreover 

(a) IfT^^^ : D B{X,A) is continuous then the function [goT]'^^^ : D 
B{X,A), is also continuous. 

(b) If snp^fzo \\T^^^{x)\\b{x,a) < oo, then the series in (|1.27l) absolutely uni- 
formly converges on D. 

Proof. Let us consider the case in which D is convex and bounded, and 
suPajgD ||^'^Ka^)||_B(x,^) < OO- Let a,b E D and Sa,b the segment jointing a,b. D is 
convex so Sa,b C -D. By an application of the Mean Value Theorem, see Theorem 8.6.2. 
of nOieull . we have for any xq E D 

||T(6)-T(a)-TW(a;o)(&-a)|U< \\b-a\\x- sup ||TW(x) - tW(xo)||b(x,^). 

Thus by ||yl|| — ||i?|| < ||yl — in any normed space, we have fixed b E D and xq E D, 
that \/aE D 

(1.28) sup||T(a)|U< 

agD 

sup \\T{b) - TW(xo)(6 - a)|U + sup ||6 - a\\x ■ sup sup ||TW(a;) - TW(xo)b(x,^) < 

aeD aGD aeD xGSa.b 

\\Tib)\\A + \\T^'Kxo)\\Bix,A) sup ||6 - a\\x + sup \\b - a\\x ■ sup \\T^'\x) - TW(xo)b(x,^) < 

aeD aeD xeD 

||r(6)|U + sup||6-a|U- 2||tW(xo)|| B{X,A) + sup \\T^^\x)\\b(X,A) I < oo- 

aeD \ xeD J 
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Here we considered that D is bounded and sup^^^ \\T^^^ (x) \\b{x,a) < C)0 by hypothesis. 
So by (11.281) s < oo which is the first part of statement ©• 

Let D C X he the open set of which in the hypotheses. By s < oo we can assume 
that <s < R, then the second part of statement ([U) follows by statement ^ of Lemma 

In the sequel of the proof we assume that < 's < R. By statement (O of Lemma 
1 1.91 and by the Chain Theorem, see 8.2.1. of the HDieul . o T is Frechet differentiable 
and its differential map is 
(1.29) 

[goTf^ : D3x^ g^'^T (x)) o T^^\x) = |^ a„MW(r(x))| o rW(x) G B{X,A), 

where in the second equality we considered that uniform convergence implies puntual 
convergence. By statement (O of Lemma [L9] and ? < i? the previous series converges 
in B(A), moreover if we set 

(-,■): B{A) X B{X, A)3{(j),^)^(l)otlje B{X, A) 

then it is bilinear and continuous i.e. 

(1.30) (-,■) G B,{B{A) X B{X,A);B{X,A)), 

since ||0 o iIj\\b{x,a) < U\\b{A) ■ ||^||b(x,.4)- Therefore by (|1.29D follows (|1.27D. 
Set 

T -.Dbx^ (^W or(x),TW(x)) G B{A) x B{X,A). 

By ([091) 

(1.31) [goTf = {.,.) oT. 

T'^] is continuous by hypothesis, and ^f'^^ is continuous by statement (O of Lemma 
II. 9[ while T is continuous being differentiable by hypothesis, so g^^^ o T is continuous. 
Therefore by Proposition 1, §4.1., Ch 1, of the [IGTl the map T is continuous. Thus by 
(|1.31l) and (| 1.301) [g o T]'^^ is continuous and statement (|2al) follows. 
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By O) 

oo 

J2 sup II ttnn W (T(x) ) o Tl^l (a;) || ^(x,^) < 

oo 

J]sup|a„|||nW(T(x))b(^) ■ ||TW(a;)b(x,^) < 

n=0 

oo 

Y,^np\aM\nx)\\X'-\\T^'\x)\\Bix,A)< 

n=0 

CX) 

V'sup |a„|n||T(x)||^"^ ■ sup ||TW(a;)||B(x,^) < 

n=u 

oo 

J |a„|ns"~^ < oo, 

where J = sup^g^ ||^'^'(^)||b(x,^) and statement (|2b1 ) follows. □ 
Remark 1.17. 5y (11.291) . statement (3) o/ Theorem \L11\ and (|1.30|) . 2/0 < s < f , w 

oo _ 

(1.32) [(7oT]W (x) = V-^7(^)(7^(T(x)))C(T(x)rlTW(x). 

/n addition if snp^^^^ \\T^^K^)\\b{x,A) < oo, f/ze 5ene5 m f/ze (11.321) is absolutely 
uniformly convergent onD.IfO<J< ^ by (11.321 ) we have \/h E X 

oo ^ 

(1.33) [(7oT]W (a:)(/i) =Y,-g^^\T{x))C{T{x)r'\T\x)ih)). 

p=i ^■ 

/n addition z/sup^.g^ ||^'^'(^)||_b(x,^) < cxd, ?/zen the series in the (11.331 ) z^' absolutely 
uniformly convergent for {x, h) E D x BL{0),for all L > 0. 

Remark 1.18. In a similar way of the proof of statement\2b\of Corollary ITjdl we have 
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(1) ifO<s<R 
(1.34) 

[goTf ix)ih) = 

oo oo n—2 

J2 na^T^^^ {x){h)T{xf-' + ^ ^(n -p- l)anT{xf[T{x),T^^\x){h)]T{x)''-^^+P^ = 

n=l n=2 p=0 

oo oo oo 

J2nanT^^\x){h)T{x)"-' + J2 - P - l)anT{xy[T{x),T^^\x){h)]T{x)''-^^+P\ 

n=l p=0 n=p+2 

If in addition sup^.^^) < oo then all the series in (11.341 ) are ab- 

solutely uniformly convergent for (x, h) E D x Bl{0), for all L > 0. 

(2) IfO<s<Rwe have 

[goTf (x) = 

(1 35) oo I" oo 1 

J2nanC{T{x)r-'Tm{x) - lj2a^C{T{x)r-' C {T {xf-')T^'\x) . 

n=l k=2 Kn=k ) 

If in addition sup^.^^ IIT'W (a;) ||^(^^) < oo then all the series in (11.351) are ab- 
solutely uniformly convergent on D. 

Definition 1.19. Let {G, \\ ■ \\g) be a C—Banach space, then we denote by G^ the vector 
space G over M whose operation of summation is the same of that of the H— vector space 
G, and whose multiplication by scalars is the restriction toM. x G of the multiplication 
by scalars on C x G, finally we set \\ ■ Wgj. == || ■ \\g- Then {Gr, \\ ■ Hgj) is a Banach 
space over R and will be called the M.— Banach space associated to {G, \\ ■ \\g)- 

Let F, G be two C—Banach spaces then of course B{F, G) C B{Fr, Gr), where the 
inclusion is to be intended only as a set inclusion. Let A C F then if A is open in F it 
is open also in F^. For a mapping f : A C F ^ G, we will denote with the symbol 
f^:A<ZF^^ Gm. the same mapping but considered defined in the subset A of the 
M.— Banach space associated to F and at values in the W— Banach space associated to 
G. 

Remark 1.20. Let Y, Z be two C—Banach spaces, then by considering that B(Y, Z) C 
B{Y^,Zr), we have that for each Frechet differential function f : A (1 Y ^ Z the 
same function : A CY^ —^ Z^ considered in the corresponding real Banach spaces, 
is differentiable, in addition /'^l = Therefore if we get a real Banach space X, 

we shall obtain the same statements of Corollary \1.16\ Remark \1.17\ and Remark \1.18\ 
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by replacing A with Ar. In particular by taking X = M. we obtain by (11.331) that if 
<J < ^, and by denoting g{\) = J2'^=o '^n^^ we have Wt E D 

(1.36) ^ t ymmimr^ (f w) . 

p=i ^ ^ 

In addition i/sup^g^, || ^(^) IU < ^^^'^ series in the (11.361) is absolutely uniformly 
convergent on D. This formula was been shown for the first time by Victor I. Burenkov 
in llBurl . 



Notice that C(T(t))° = 1 and G N - {0} 



C(T(t))" 



dT 



dT 
~dt 



In particular if [^(t), T{t)\ = 0, then 

dg'^oT 



(1.37) 



(t),T(t) 



dT 



dt 



{t)=9''KT{t)) — {t). 



If [[f(t), T(t)],T(t)] =0 then 



and so on. 



Corollary 1.21. Let Abe a unital Banach algebra, {a;„ }neN C K i'Mc/z that the radius 
of convergence of the series g{X) = Xl^o'-'^"-^" '■^ -R > 0. Finally let W E A — {0}, 

< s < R, D(^s,w) =i= W\\ '^"^ 

T{t) = tW 

Vt G D(^s,w)- Then with the notations adopted in the statements of Lemma U .9\ we have 
(1) 

oo 

/oT(t) = 5^aXVr" 

n=0 

and the series is absolutely uniformly convergent for t G D(^s,w)- 
(2) oT is derivable, the following map 



(1.38) 



dt 



n=l 
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Vt G -D(s,vK) the derivative function of g o T, continuous and the series in 
the (11.381 ) is absolutely uniformly convergent. 



Proof Statement (1) is trivial. The map T is derivable with constant derivative equal to 
W e A, hence we have statement (2) by Remark OS] and (11.341 ). □ 

2. Application to the analytic functional calculus in a C-Banach 

SPACE 

In this section G is a complex Banach space, we denote by cf(T) the spectrum of T for 
all T G B{G) and (Vt/ G Open{C) \ a{T) c t/)(V^ : U C analytic) by g{T) 
the operator belonging to B{G) as defined in the analytic functional calculus framework 



given in Definition 7.3.9. of the HDSL that is 

g{T) = ^. [ g{X)R{X;T)dX. 

Here R{\; T) = (Al — T)^^ is the resolvent of T, while B C U h the boundary of an 
open set containing a(T) and consisting of a finite number of rectificable Jordan curves. 
If U is an open neighborhood of and (VA G U){g{X) = J2'^=o '^nX^) then by Theorem 
7.3.10. of the HDSII g{T) = Yl'^=o ^nT"' converging in B{G). Therefore for this case we 
can apply all the results in Section [T] 

Corollary 2.1 ( Frechet differential of an operator valued analytic function defined on an 
open set of a M— Banach Space ). Let Uq be an open neighborhood of Q E C, g : Uq ^ C 
an analytic function such that (VA G Uo){g{X) = Yl'^=o Q^nA"). Let R > be the radius 
of convergence of the series Yl'^=o c^nA". Finally let X be a Banach space over R, 
D (1 X an open set ofX and T : D —>■ B{G)^ a Frechet differentiable mapping such 
f/zaf (3 s G M+ I < s < R) 

(1) T{D) C 5,(0) 

(2) (VxGD)(a(T(x)) Ct/o) 

Then 
(1) 

oo 
n=0 

Here the series absolutely uniformly converges on D. 
(2) The statements of Corollary \L16\ Remark \L17\ and Remark \L18\ hold with A 
replaced by B{G)u, while Remark U .20\ holds with A replaced by B{G). 
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Proof. The map o T i?, well defined by the condition (Va; G D){a{T{x)) C Uq), 
while the power series expansion follows by Theorem 7.3.10. of the HDSL Therefore 
statement [U follows by the hypothesis T{D) C Bs{0), with < s < R and Remark 
[LlOl Statement |2] is by Corollary [1161 and Remark [LlOl □ 

Remark 2.2. If we assume that G is a complex Hilbert space and T{x) is a normal 
operator \fx G D, then the condition T{D) C 5^(0) is equivalent to the following one 
(Vx G D){a{T{x)) C 5,(0)). 

Although the following is a well-known result, for the sake of completeness we shall 
give a proof by using Corollary 1 1.2 II 

Corollary 2.3. Let {an}nm C C be such that the radius of convergence of the series 
= E^=o""A" is R > 0. Moreover let W G B{G) - {0}, < s < R, and 
. Then the operator g{tW) is well defined Wt G -D(s,i^) and 



D(s,w) 



IVKll' www 



n=0 



Here the series converges absolutely uniformly on -D(s,h/). Moreover the map -D(s,h^) 3 
t t-^ ^{t^) Lebesgue integrable in B{G) in the sense defined in HINTL Definition 2 

Ch. IV, §3, n°4, andWui,U2 G -D(s,h/) 

W I ' '^{tW) dt = g{u2W) - giuiW). 

Here ^(^^) dt is the Lebesgue integral of the map -D(s,vk) 3 t ^ ^(^^) '^^ 
defined in Definition 1 Ch. IV, §4, n°l o/ niNTL 

Proof By (D 

(2.1) TliW) G B{B{G)). 

Set r(t) = tW for all t G D(s,w)- Then ^ o r(t) = Y.n=i an^r^^VT""^ and the map 
D{s,w) ^ 1 1-^ T{t) is continuous in B{G), as a corollary of (11.381) . by replacing the 
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map g with hence it is Lebesgue-meausurable in B{G). Finally let Mi, U2 G -D(s,vf) 

/• ^ 7 /» ^ ^^^^ 



< 



-'[mi,U2] n=l 



1^2 — Mil l^nl^s" 



ri=l 

< 00. 



By this boundedness and by its Lebesgue- meausurability we conclude by Theorem 5, 



IV.71 of lUNTl that [ui,U2] 3 t ^ T{t) e B{G) is Lebesgue-integrable in B{G), 
so in particular by Definition 1, IV.33 of fllNTII 

da 

(2.2) 3(b -^oT{t)dte B{G). 

Therefore by (O), dU), Theorem 1, IV.35 of IIINTI and (fOSl) 



Furthermore by the continuity of the map -D(s,vi^) 3 t ^ jf-o T{t) in B{G) and by 



(11.381) . -D(s,vF) 3 t t-^ ^'^'■^''^ is continuous in B{G) and it is the derivative of the map 



-D(s,vK) 9 t 1-^ oT. Therefore it is Lebesgue integrable in B(G), where the integral 
has to be understood as defined in Ch // of nFVRH . see Proposition 3, n°3, §1, Ch // 
of HFVRL Finally the Lebesgue integral for functions with values in a Banach space as 
defined in Ch // of HFVRII . turns to be the integral with respect to the Lebesgue measure 
as defined in Ch. IV, §4, n°l of niNTl (see Ch III, §3, n°3 and example in Ch IV, §4, 
n°A of IHNTI ). Thus the statement follows by ^3- □ 

One of the main aims of a future paper is proving this formula for a certain class of un- 
bounded operators in a Banach space and by considering the integral in weaker topolo- 
gies than that induced by the norm in 5(6'). 
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